We present a theoretical framework to model the behavior of a concentrated colloidal dispersion confined inside a spherical cavity. Prior attempts to model such behavior were limited to a single enclosed particle, and attempts to enlarge such models to two or more particles have seen limited success owing to the challenges of accurately modeling many-body and singular hydrodynamic interactions. To overcome these difficulties, we have developed a set of hydrodynamic mobility functions that couple particle motion with hydrodynamic traction moments that, when inverted and combined with near-field resistance functions, form a complete coupling tensor that accurately captures both the far-field and near-field physics and is valid for an arbitrary number of spherical particles enclosed by a spherical cavity of arbitrary relative size, a/R, where a and R are the particle and cavity size, respectively. This framework is then utilized to study the effect of spherical confinement on the self and entrained motion of the colloids, for a range of particle-to-cavity size ratios. The self-motion of a finite-size enclosed particle is studied first, recovering prior results published in the literature: the hydrodynamic mobility of the particle is greatest at the center of the cavity and decays as (a/R)/(1 − y 2 ), where y is the particle distance to the cavity center. Near the cavity wall, the no-slip surfaces couple strongly and mobility along the cavity radius vanishes as ξ ≡ R − (a + y), where y is center-to-center distance from particle to cavity. Corresponding motion transverse to the cavity radius vanishes as [Log(1/ξ)] −1 . The effect of confinement on entrainment of a particle in the flow created by the motion of others is also studied, where we find that confinement exerts a qualitative effect on the strength and anisotropy of entrainment of a passive particle dragged by the flow of a forced particle. As expected, entrainment strength decays with increased distance from the forced particle. Surprisingly, however, there is a separation beyond which entrainment changes sign. For some configurations, the passive particle is dragged along with the forced particle, and at others, it is driven in the opposite direction, consistent with observations of recirculating flow and reverse particle migration in eukaryotic cells. The mobility functions presented here can be utilized to model the motion of any number of enclosed particles, making them ideal for use in dynamic simulation.
I. INTRODUCTION
Diffusion, active transport, and rheological behavior in concentrated, three-dimensionally micro-confined suspensions is an emergent area of research, driven by burgeoning interest in the mechanical behavior of biological and other microscopically small soft-matter systems. An important example is the mechanical motion of particles within eukaryotic cells, shown to play a central role in cell division [1] [2] [3] [4] [5] , metabolism [6] , and growth [1, 2] . Despite this growing interest, little predictive theory and few models of this behavior exist. An important element in the construction of such models is the accurate representation of the physical forces between the microstructural constituents, and the influence exerted by system boundaries on such interactions. Particle-particle and particle-boundary interactions can include electrostatic, entropic and hydrodynamic forces, among others. While numerous models, both analytical and computational, successfully describe microstructural evolution and its connection to macroscopic flow for unbound suspensions, the study of suspensions perturbed by a finite boundary lags behind. Recent studies of planar wall and channel confinement have demonstrated that suspension structure, particle-scale dynamics, and rheology are influenced * zia@cbe.cornell.edu not only by interactions between particles themselves, but also by interactions between particles and confining boundaries, thus demonstrating the need for careful modeling of such interactions. However, a primary challenge in the development of predictive models is the accurate and efficient representation of many-body hydrodynamic interactions and the influence exerted on such interactions by boundaries. Numerous approaches have been developed to model the microstructural evolution of suspensions of hydrodynamically interacting particles, and to connect this evolution to macroscopic flow behavior, ranging from pair theory for dilute suspensions to computational approaches for concentrated suspensions, and for systems spanning infinite extent to those confined by finite boundaries.
Theoretical models of the dynamics of unbound suspensions have provided many important insights into the connection between structural evolution, particle-scale dynamics, and material and flow properties. Among these are the well-known non-Newtonian rheological behaviors of flow thinning [7] [8] [9] [10] [11] and flow thickening [8, 10, [12] [13] [14] , flow-induced diffusion [15] [16] [17] [18] [19] and normal stress differences [20] [21] [22] [23] [24] . Some of these non-Newtonian rheological behaviors can be explained at the level of twobody interactions, showing that dilute Smoluchowski theory captures many important physical behaviors. However, many biophysical systems are crowded, with particle volume fractions well beyond the regime of validity of most pair theory, driving the need to model many-body interactions. In some cases, dilute theory can be scaled up to model behavior of concentrated suspensions, but the study of effects of crowding and jamming on material behavior have made clear the qualitative effects exerted by three-body and higher-order interactions.
Modeling of moderate or high volume fractions requires accounting for three-body and higher-order interactions owing to the long-range nature of hydrodynamic interactions, characterized by fluid velocity disturbances that decay as 1/r (where r is the distance from a moving particle), which are not amenable to approximation via simple pairwise addition. The singular behavior of lubrication forces, as a particle comes near contact with another particle or to a boundary, further complicates the analysis. Approaches to modeling concentrated suspensions include mean-field approximations, which are useful for linear-response behavior [25] [26] [27] [28] or, for dynamical behavior, the use of computational approaches such as dissipative particle dynamics [29] , Lattice Boltzmann methods [30] , or Stokesian Dynamics [31] , for example. Zia et al. [28] recently developed a set of concentrated hydrodynamic functions to model pair interactions in concentrated systems, paving the way for analytical Smoluchowski analysis of concentrated suspensions, but application to non-equilibrium systems has not yet been demonstrated [28] . Structural evolution is also studied experimentally by direct imaging [32] [33] [34] [35] and scattering techniques [36] [37] [38] [39] [40] and related to rheology via statistical mechanics theory [33, 41] and phenomenological models [42, 43] . Missing in all of these models, however, is the effect of confining boundaries as would arise in e.g. channel flow, injection, or transport in cells.
The presence of even a single confining boundary, a nearby wall, exerts a pronounced influence on hydrodynamic interactions between particles and, in turn, on suspension dynamics and flow properties. Effects of wall confinement on diffusion and rheology have been studied for systems that range from a point particle in the presence of a single wall [44] , to finite-size particles in the presence of a single no-slip wall [45] [46] [47] , as well as a flat [48, 49] or deformable [50, 51] fluid-fluid interface. Recent studies have focused on both a single particle [52] and on concentrated suspensions [53, 54] between parallel walls and single particles under the influence of charge [55] and electric fields [56] . By revealing qualitative changes to particle and flow dynamics, the study of one-and two-dimensional confinement sets an important foundation for understanding the effects of confining boundaries and elucidates the microstructural origin of some confinement-induced behaviors such as anisotropic diffusion in concentrated suspensions [54, 57] .
Growing interest in mechanical transport of particles in fully confined, microscale systems, however, demands new models that account for fully three-dimensional (3D) confinement, where effects such as flow recirculation and a finite range of accessible configurations influence deterministic and stochastic processes. For example, in the crowded, watery compartments of eukaryotic cells, particles undergo a variety of mechanical transport processes including passive diffusion of enzymes, metabolites, and organelles as well as active towing by motor proteins and collective motion [2-4, 6, 58-68] . The connection of mechanical intracellular transport to cell function and disease is recognized, but not well understood, leaving open questions such as the underlying origins of anomalous diffusion, how active motion stirs the cell interior and alters diffusion, and how intracellular trafficking impacts the motion of tracer particles used for micro-rheological measurements, for example [1-5, 59, 64, 66, 68-80] .
Experimental studies of diffusion of confined colloids suggest that careful modeling and analysis of transport can provide answers to these questions. In a study of the short-time self-diffusivity of a particle inside a spherical droplet, Cervantes-Martínez et al. [81] found that the presence of the boundary leads to hindered, anisotropic diffusion. However, particle motion deformed the surface of the droplet, making it difficult to decouple the role of boundary deformation from that of hydrodynamic interactions with the boundary, leaving the origins of anisotropy murky. Hunter et al. [34] successfully decoupled these effects by creating a high surface-tension cavity and, utilizing particle tracking microscopy, measured particle motion in a concentrated, confined colloidal suspension. They showed that confinement suppresses the mean-square displacement of enclosed particles, as compared to an unbound system at equal volume fraction. Boundary-induced anisotropy of the meansquare displacement-wherein different values are obtained when the displacement is projected along and perpendicular to the line of centers between the particle and the cavity-was also observed. The authors hypothesized that these qualitative confinement-induced changes arose due to boundary-induced gradients in the hydrodynamic mobility. However, this awaits confirmation by physical measurements, which can be challenging owing to the need for detailed information about positions of moving particles-pointing toward the need for dynamic simulation, where such information is readily obtained and motion easily visualized.
Computational modeling, where precise measurement of particle positions and trajectories is possible, provides an important complement to experiments and plays an important role in the development of predictive theory. Previous attempts to simulate 3D confined biophysical systems reveal a qualitative influence on mechanical transport. For example, Nédélec and co-workers [82] utilized Brownian dynamics (BD) simulations and experiments to explore the impact on the migration of intracellular structures during cell division exerted by steric interactions between microtubules crisscrossing the cell. Interactions between the confining boundary and microtubules were shown to play an important role in structural migration. While the simulations recovered experimentally observed structural oscillation, the period and phase angle critical to system evolution were severely un-der predicted, a limitation the authors attributed to the neglect of hydrodynamic interactions. Subsequent attempts to account for hydrodynamic interactions include the numerical study of Shinar et al. [83] , who utilized a boundary-integral technique to model hydrodynamic coupling between a single non-colloidal particle and an enclosing cavity, in an effort to model the motion of a cell nucleus dragged by microtubules through the intracellular fluid. The authors showed that the enclosing cavity increases the hydrodynamic drag force on the nucleus (compared to unbound Stokes drag), but were unable to extend their model to more than a single finite-sized particle, leading to an obvious limitation for the study of the crowded cell interior. While such experimental and numerical studies indicate that 3D confinement gives rise to novel transport behavior relevant to biological function, no predictive theory or computational model thus far can account for the combined effects of lubrication and many-body hydrodynamic interactions between two or more enclosed particles.
The most basic approach to constructing a model for the motion of many particles in a fluid-filled cavity is to directly solve the Navier-Stokes equations at all points in the enclosed suspending fluid, subject to appropriate boundary conditions, e.g. no slip and no flux through a hard enclosure. Numerous solutions utilizing this approach have been put forth, both analytical and numerical, for a variety of systems and boundary conditions. The electrophoretic motion of a particle in a fluid-filled cavity has been studied theoretically for a single charged particle with both thin and thick Debye layers in an uncharged cavity [84] [85] [86] [87] [88] [89] [90] as well as a single particle with polarized Debye layers [91] [92] [93] [94] or a charged particle in a charged cavity [88, 95, 96] . The motion of a soft particle [97, 98] , a particle with slip boundary conditions [97] [98] [99] [100] [101] , and the motion of a diffusiophoretic particle [102] , have also been studied. Underlying all of these single enclosedparticle problems is a pair-level hydrodynamic problem, i.e. there are two interacting surfaces: the particle and the cavity. Methods to solve the momentum equations in these single-enclosed particle problems include asymptotic and numerical solution via finite element, collocation and pseudo-spectral methods, for example. While successful at the level of a single enclosed particle, extension to an arbitrary number of particles at arbitrary volume fractions renders this approach intractable as the divergent forces near contact demand prohibitively high computational cost associated with surface discretization. While successful at the level of a single enclosed particle, extension to even a second enclosed particle requires modeling fluid motion near three surfaces simultaneously, rendering this approach intractable as the divergent forces near contact demand prohibitively high computational cost associated with surface discretization.
The common theme in these approaches is that fluid motion is determined first and, from it, particle motion, leading to the unavoidable problem of prohibitive computational expense when treating singular interactions near contact. Recent approximations have neglected lubrication interactions entirely [103] , but such approaches lead to dramatic errors such as overlapping of particles, requiring use of repulsive potentials (which bring their own difficulties), and under-prediction of or no Brownian drift.
An alternative approach is to bypass determination of detailed fluid motion, and to focus instead on development of hydrodynamic functions coupling particle motion to applied forces. Early attempts to utilize this approach recognized that a single finite-sized particle inside a spherical cavity constitutes a pair-problem-that is, a hydrodynamics problem between a pair of surfaces, a perspective well developed in the analysis of unbound particle pairs [7, [104] [105] [106] [107] [108] . Cunningham [109] studied the motion of a finite-size particle located precisely at the center of a fluid-filled cavity and obtained the change in hydrodynamic drag arising from the presence of the confining boundary. However, his single-multipole expansion approach requires concentric geometry and does not permit analysis at any other position of the particle within the cavity. O'Neill and Majumdar [110, 111] and Jones [112] overcame this limitation by combining bispherical coordinates with a series expansion in spherical harmonics to obtain recursive relations for the hydrodynamic resistance functions coupling translational and rotational motion to the hydrodynamic force and torque acting over the surface of a finite-size particle, at an arbitrary position in the cavity. The resultant recursive relations were then solved numerically. The authors found that singleparticle motion inside a spherical cavity is hinderedi.e. the hydrodynamic drag is greater than unbound Stokes drag-as evidenced by an increase in the force-totranslational motion component of the hydrodynamic resistance tensor. Although this series-expansion approach can be utilized to determine the hydrodynamic coupling between a pair of no-slip surfaces, it becomes intractable beyond the pair limit, owing to the difficulty of constructing coordinate systems where the boundary conditions over an arbitrary number of surfaces can be satisfied simultaneously. Ultimately such approaches that focus on eigenfunction expansions restrict the analysis to a single enclosed particle.
Interactions between two or more hydrodynamically interacting particles in an unbound suspension have been successfully modeled utilizing a Green's function for the unbound domain. It is then weighted by the hydrodynamic force moments exerted on the fluid by many different particles, whence Faxén formulae can be applied to determine particle motion. Computational approaches can then be employed to solve a particle displacement equation to evolve the particle positions over time, given their hydrodynamic, inter-particle and entropic interactions. Techniques such as Stokesian Dynamics [31] are well known and have been utilized to solve many important problems for unbound suspensions [21, [113] [114] [115] , and have been recently extended to planar-wall confined suspensions [53, 54] utilizing the Green's-function ap-proach. Extension of these ideas to spherically confined suspensions has proven challenging, however.
The first Green's functions for 3D confinement began with the simplest model, a single point particle inside a solvent-filled, no-slip spherical cavity, due to Oseen [116] . This theoretical framework was subsequently utilized to model the sedimentation of a non-colloidal particle of finite size within a cavity [117] , but again bars generalization beyond a single particle. Maul and Kim sought a more generalizable method [118, 119] aimed toward adapting Oseen's Green's function so as to express it in terms of the Green's function for an unbound pointparticle-the Stokeslet. Here the idea was to make the Green's function more amenable to solutions via collocation methods, which aim to solve Ladyzhenskaya's integral representation [120] on a mesh. However, the resulting line integrals proved no less difficult to solve than direct application of Oseen's solution: the detailed fluid flow must be obtained, and familiar problems of divergent forces at contact render this approach nearly intractable beyond the limit of a single confined particle. Beenakker and Mazur [121] used a Fourier-space multipole expansion method, also known as the method of induced forces, in an attempt to determine translational and rotational motion of two particles inside a spherical cavity. However, the mobility functions developed are only valid for two confined particles found far from each other as well as far from the cavity and does not account for divergent lubrication interactions near contact, limiting their application. Ultimately then, the primary objective of obtaining the Green's function is to bypass fluid motion and focus exclusively on particle motion, typically via Faxén formulae.
Felderhof and Sellier [122] applied the leading-order term of the Faxén formulae for translational and rotational motion to Oseen's Green's function in an attempt to obtain analytical expressions for the hydrodynamic coupling tensors, previously derived via a series expansion in bispherical coordinates [110] [111] [112] . The authors approximated hydrodynamic functions that couple force and torque to translation and rotation of a single point-particle within the cavity. However, the no-size approximation effectively permits fluid flux through particle surfaces, leading to several errors-most principally a failure to capture torque-to-translational coupling which in turn leads to a failure to recover trajectory reversal near the cavity wall previously predicted by O'Neill and Majumdar [110] . While their attempt to extend Oseen's Green's function to account for rotation advanced the theory, it also made clear that the effect of finite size must be included in any predictive theory or model. Together these studies show the importance of accounting for hydrodynamic interactions, as well as accounting for finite particle size and finite enclosure size, in the analysis of confined suspensions-yet none of the methods above can be generalized directly to arbitrary volume fractions and particle-to-cavity size ratio inside this spherically confined geometry. Because many systems of emergent interest, such as the cell interior, are crowded environments influenced by all of these effects, it is essential to develop new theoretical frameworks and computational models that can faithfully account for many-body interactions between many particles of finite size and the confining boundary.
In this work, we present a new theoretical model for the prediction of the motion of an arbitrary number of finite-sized particles suspended in a solvent filled cavity. Utilizing a Green's function approach, we derive a set of mobility functions that rigorously model the many-body far-field and near-field interactions and faithfully capture the physics of a suspension of hydrodynamically interacting particles confined by a spherical cavity. This theory is valid for systems ranging from dilute to near-maximum volume fraction, and for arbitrary particle-to-cavity size ratios. The dual focus of the present work is to first validate the model utilizing the well-characterized case of a single enclosed particle, and then to study the motion of a pair of enclosed particles. For the former, we successfully recover prior results reported in the literature, but now with a model that can be extended to not just two but an arbitrary number of particles of arbitrary size relative to their enclosing cavity. In the present work we demonstrate and validate the model via the study of self-and entrained-mobility for a pair of enclosed particles, leaving the simulation of many particles for future studies of rheology and diffusion.
This article is organized as follows. In §II we give a brief review of the low-Reynolds number hydrodynamics theory, highlighting features of this method relevant to the present study. In §III, a new model is developed for simulating hydrodynamically interacting particles inside a spherical boundary utilizing a Stokesian dynamics [31] approach. We first develop a far-field mobility matrix coupling forces to particle motion that accounts for finite particle size. We then combine this far-field coupling with analytical theory for near-field interactions. The corresponding results for pair-entrainment in §IV B. Higherorder couplings are presented in §IV C, where hydrodynamic torque couplings for self-motion and entrained motion are found to produce translational motion that leads to trajectory reversal in the former case and doublet rotation in the latter. §IV D is devoted to the topic of finite-size effects. Results for many particles over a range of volume fractions and particle-to-cavity size ratios are treated separately in a companion paper [123] . The study is concluded with a discussion in §V.
II. BRIEF OVERVIEW OF MANY-BODY LOW-RE HYDRODYNAMICS
In this section we present a brief review of the fundamentals of low-Reynolds number hydrodynamics for unbound suspensions, with a focus on the representation of many-body interactions. Although formulation of the problem begins with expressions for detailed fluid motion, solution of such expressions is bypassed utilizing well-known techniques that combine Taylor expansions and Faxén formulae. We consider a suspension of N particles of size a immersed in an incompressible Newtonian fluid of density ρ and viscosity η. Particle motion of characteristic speed U sets the fluid into motion; because the particles are small, the Reynolds number Re = ρU A/η << 1. Thus the importance of inertial forces in the fluid compared to viscous forces is negligible, and the Navier-Stokes equations governing fluid motion become the Stokes equations.
In Stokes flow, fluid-surface interactions can be treated via the approach of Ladyzhenskaya [120] whereby the socalled integral representation gives the fluid disturbance velocity field u (x) = u(x) − u ∞ (x), where u(x) is the velocity at any field point x in the suspension, including that due to forces exerted by particles on the fluid, where u ∞ (x) is any far-field imposed flow. The force density over the surface points y of a particle is given by the Cauchy relation, f (y) = n·σ, where n is the unit surface normal pointing outward from the particle surface and σ is the stress exerted on the particle surface by the fluid. The fluid disturbance due to the force propagates from all y throughout the fluid, i.e. to all field points x, as set by the Green's function propagator G(x, y) corresponding to the physical domain. The fluid disturbance velocity u (x) arising from forcing of a particle α is thus a sum over all points on its surface S α :
where the second integral, over the surface at infinity, acts to conserve mass. In an unbound suspension of hard spheres, the Green's function G is the well-known Stokeslet [116] :
which decays as 1/r, where r = |x − y|. A simple scaling argument shows that the second integral in (1) decays with increasing distance from the surface of the forced particle and vanishes as the surface S ∞ grows infinitely far away [107] , yielding
Direct solution by numerical methods is possible but leads to divergent contact forces, as discussed in §I. This difficulty is bypassed by moving the Green's function out of the surface integral via a Taylor expansion of G about the center of particle α. The resulting expansion, often referred to as a multipole expansion, comprises a series of moments of the hydrodynamic surface tractionr · σ, where σ is the fluid stress andr = (y − y α )/|y − y α | is the unit normal pointing outward from the surface of the particle and y α is the location of the center of particle α. Insertion of the Taylor expansion into (3) gives
where the hydrodynamic force F H , torque L H , and stresslet S H are the zeroth moment and the antisymmetric and symmetric parts of the first moment of the hydrodynamic surface traction, respectively. In addition, irreducible second and third moments of the traction are included in G and K, where the couplet K is given by
Physically, the motion of a particle α sets the fluid into motion with a velocity u (x) relative to the imposed flow, which in turn entrains other particles β. The corresponding motion of particles β can be determined, to leading order, via Faxén formulae. The Faxén formulae for translational, rotational, and straining motion, U β , Ω β , and E β respectively of a particle β in any disturbance flow field u (x) are
where E (x) is the disturbance rate of strain,
Because all N particles interact, the leading-order disturbance flow u (x) is a sum given by
Insertion of equation 10 into equations 6, 7 and 8 yields a set of linear relations between particle motion and hydrodynamic force, torque, stresslet, and higher-order moments:
where the pair-wise couplings between motion and moments form the "grand mobility matrix" M,
Each element of the grand mobility matrix comprises submatrices that couple the motion of each particle to the traction moments of all other particles. For example, for two particles α and β, the velocity-force coupling is
where each submatrix is itself a second-rank tensor coupling particles to one another. So-called self-mobility tensors (αα and ββ) characterize the motion of a particle in response to a hydrodynamic force on its own surface. In contrast, pair-mobility tensors (αβ and βα) characterize the entrainment of one particle by the motion of another. The grand mobility matrix depends only on geometry; for an unbound domain, it is set entirely by particle size, shape, and microstructural configuration. The minimum dissipation theorem demands a symmetric and positive-definite grand mobility matrix; this must be ensured in any model for hydrodynamically interacting colloidal particles based on this representation.
In many suspension mechanics problems, the forces acting on particles are known (e.g. gravity, electric fields, magnetic fields), and particle motion is sought. Equation 13 appears ready to solve this problem-but two issues remain. First, a practical problem: one must solve an infinite hierarchy of equations, relating motion to an infinitude of hydrodynamic moments. More fundamentally, the mobility matrix in equation 13 is a strictly pairwise formulation of the interaction between the particles and further, accounts only for the "first reflection" of hydrodynamic interactions-that is, the entrainment of particle β by particle α in turn creates a new disturbance flow that is not captured by summing the disturbance flow of individual particles via this integral formulation approach. Brady and co-workers [124] showed that inverting the mobility matrix, however, automatically couples all (infinitely many) reflections between all particles, similar in ethos to a geometric series expansion, thus accomplishing the task of transforming the pair-level problem into a full many-body hydrodynamic coupling. The inverse of the grand mobility matrix is the grand resistance matrix, M −1 = R:
giving the full many-body coupling between hydrodynamic traction moments and particle motion.
The practical problem of an infinite hierarchy of equations is solved in a correspondingly practical way: The mobility matrix is simply truncated to a finite number of moments. The physical consequence of such approximation is the omission of near-field interactions between particles, and thus it gives a far-field grand mobility tensor, denoted M f f . The task of accounting for near-field interactions is easily and rigorously carried at by simply re-introducing the omitted interactions by linear superposition of the analytical, exact pairwise resistance functions, a technique central to the Stokesian dynamics approach pioneered by Brady and Bossis [31] . The re-sulting matrix forms a complete, many-body near-and far-field hydrodynamic coupling tensor
Here, (M f f ) −1 is the inverse of the truncated far-field grand mobility matrix, capturing an infinite number of reflections between all particles. The near-field interactions are incorporated via a near-field two-body resistance tensor, R nf . The functions that form the unbound-suspension matrices are well-established and can be found in the literature [106] [107] [108] . Because the far-field coupling also counts the far-field pair interactions, the far-field pair couplings have been subtracted from M f f to avoid double-counting. Recent computational studies of confinement effects have extended these ideas to account for confinement by single [47] or parallel [52, 53] walls, where the domain is still semi-infinite, i.e. only partially bound. In this study, we develop the theoretical model for 3D micro-confined hydrodynamically interacting particles enclosed inside a spherical no-slip boundary.
The linearity relation between particle motion and hydrodynamic force, torque, and stresslet are then expressed in terms of the grand resistance matrix R comprising the near-field resistance tensor and the inverse of the far-field grand mobility tensor, thus providing the complete hydrodynamic coupling:
This expression can be decomposed line-by-line to obtain particle motion while retaining the reflections between all particles. For example, the first equation for the hydrodynamic force gives the velocity:
and the second line for the torque gives rotational motion, viz.
Thus, to compute the motion of particles in a hydrodynamically interacting suspension, one must compute the configuration-dependent couplings between particles R U F and R ΩL , along with the analogous couplings 
III. SPHERICAL CONFINEMENT:
THEORETICAL FRAMEWORK
In this section we present the framework with which to model the motion of hydrodynamically interacting particles confined inside a spherical boundary. Careful consideration is given to the development of the far-field grand mobility matrix to accurately represent the many-body hydrodynamic interactions of spherically confined particles, as well as the near-field and lubrication interactions. As in §II we consider N hard, spherical particles of size a in a fluid of density ρ and viscosity η whose motion is governed by the Stokes equations, owing to a vanishingly small Reynolds number. The fluid and particles are confined to a finite domain: a hard, no-slip spherical cavity of radius R (figure 1). Any far-field flow u ∞ present can arise due only to external forces applied to the particles or to motion of the cavity. Ladyzhenskaya's integral representation gives the fluid disturbance arising from tractions on the particle surfaces S α ,
where now the integral at infinity has become an integral over the cavity surface S c . The second integral does not vanish, in contrast to equation 1, a consequence of the finite domain size. Seeking a solution in this form requires the surface traction over the surface of the cavity. To avoid this tedious calculation, an image point is utilized to modify the Green's function so as to satisfy the no-slip and no-flux boundary conditions over the cavity surface. The image point creates a perturbation that exactly satisfies the no-slip and no-flux boundary conditions at the surface of the cavity:
where J (x, y) is the unbound Stokeslet and J c (x, y) is a tensor that enforces the no-slip and no-flux conditions that define the surface of the cavity. The tensor J c (x, y), due to Oseen, is given by the expression [116] 
where
. (24) Here, y = y/y 2 is the position of the image point outside a spherical boundary, and all lengths have been made dimensionless on the radius R of the cavity. We note that the expression for J c (x, y) differs from the corresponding expression in the study of an infinitesimal point of Felderhof and Sellier [122] , owing to a typographical error in that publication. As written, equation 23 appears to diverge at the point y = 0, suggesting that even a weak disturbance at the center of the cavity produces infinitely strong flows. Fortunately, this is a mathematically removable singularity. Straightforward algebraic manipulation removes the singularity to show the Green's function is mathematically entire. Similarly, although at first glance some components of the mobility tensors (derived in Appendix A) appear to diverge for the valuesx ·ŷ = 1,x ·ŷ = −1, x = 0 and y = 0, the singularities can be removed upon taking the appropriate limits at those values.
As in §II, the disturbance flow u (x) given by (21) accounts for the motion of all particles, where now equation 22 is utilized for the Green's function to give
Now the integral over the cavity surface has been replaced by the no-slip and no-flux condition satisfied by the Green's function, i.e. J (x, y) + J c (x, y) = 0 at y = R. A Taylor expansion of J (x, y) and J c (x, y) for a given particle α about its center y yields a sum of moments of the hydrodynamic surface tractions exerted on particle α. Upon integration these again become the hydrodynamic force, toque and stresslet, etc., projected through the Stokeslet, rotlet and couplet analogs:
where an irreducible second and third moment are included in J + J c and K c , and the couplet K c is given by
As in §II, insertion of (26) into the Faxén formulae yields a set of linear relations between particle motion and hydrodynamic force, torque, stresslet, and higherorder moments, all coupled by a grand mobility tensor M. The tensor is truncated as discussed in §II to the level of the stresslet (taking care to retain the irreducible quadrupoles and octupole that capture finite particle size), to give a far-field mobility matrix for the spherical domain, M f f , which upon inversion, couples all particles to one another and to the cavity. Finally, to complete the theoretical framework, near-field and lubrication interactions are accounted for in a pairwise fashion (cf §II), and the sum couples all near-and far-field many-body particle-particle and particle-cavity interactions, expressed compactly as
For convenience, the near-field particle-particle and particle-cavity interaction tensor R nf is split into two contributions. Because near-field particle-particle interactions can be accounted for pairwise, they are given by the unbound resistance functions which we denote as R nf,unbound ; the near-field particle-cavity interactions are given by the pairwise resistance tensor R nf,c . As discussed in §II, the former are well-established and can be found in the literature [106] [107] [108] . For the latter, the sub-matrices that correspond to particle-cavity interactions R F U nf,c , R
nf,c and R
nf,c , were determined by O'Neill and Majumdar [110] for couplings perpendicular to the line of center of the particle and the cavity, and by Jones [112] for motions along the line of centers. When combined as shown in equation 28, these couplings form a grand resistance matrix that accounts for all many-body particle-particle and particle-cavity hydrodynamic interactions over all separations and particle concentrations. This coupling depends only on the geometry of the suspension, which now comprises particle and cavity size and shape, as well as spatial arrangement of particles relative to one another and to the confining spherical boundary. With it, particle motion can be deduced from hydrodynamic force and torque without requiring knowledge of the hydrodynamic traction over the cavity. Any motion of the enclosure can be incorporated in a straightforward manner by introducing the corresponding far-field flow u ∞ (x). The functions that represent the components of the far-field grand mobility matrix are presented and evaluated next.
IV. RESULTS
We begin by presenting the components of the far-field grand mobility matrix developed in the present work. Its inverse is then combined with the near-field grand resistance tensor as described in §III. Block-wise inversion of the resulting many-body resistance tensor preserves all couplings and permits solution and examination of the velocity/force, velocity/torque, rotation/force, rotation/torque relationships. The translational motion of a single particle to which an external force is applied, and the entrainment of a second, passive particle in the flow of a forced particle, are then studied in §IV A and §IV B respectively. Higher-order couplings are then studied in §IV C. The effects of point-particle approximations is discussed in §IV D.
A. Single particle inside a spherical cavity:
force-to-translation coupling The simplest coupling of particle motion to hydrodynamic tractions is that between velocity U and hydrodynamic force F H . For an isolated sphere alone in a solvent, U = −M U F · F H , where M U F = (1/6πηa)I. If the particle is then placed inside a solvent-filled cavity, one expects motion slower than its unbound Stokes velocity, owing to hydrodynamic coupling to the no-slip surface of the cavity, in some sense similar to coupling between an unbound pair. The correction to unbound mobility that accounts for the presence of the cavity was derived in the present study via the method described in §III. To reveal the strength of hydrodynamic coupling along and transverse to the line of centersŷ between a particle and the cavity, the tensor is projected onto the two corresponding orthogonal subspacesŷŷ and I −ŷŷ, respectively. Projection onto the subspaceŷŷ, yields
The term proportional to a/R corresponds to the motion of an infinitesimal point inside a spherical cavity and has been previously reported [122] . In this work, we account for the finite size of particles, which requires the terms of order (a/R) 3 and (a/R) 5 in equation 29 that arise from the irreducible components of the second and third moments of the hydrodynamic surface traction. While the computation is tedious, terms to this order are necessary to assure that the grand mobility matrix is positive definite. As expected, in the limit a/R → 0, the unbound solution is recovered, giving the Stokes drag on a single hard particle. A similar projection in the perpendicular direction gives 
Confined self-mobility plotted as a function of position in the cavity, connecting a force acting (a) along and (b) transverse to the particle/cavity line-of-centers to the velocity of the particle in the same direction. The scaling for the decrease in the mobility is shown both when the particle is in the far-field ∼ (a/R)/(1 − y 2 ), and in the lubrication region, where the decrease scales with the surface-to-surface separation ξ = 1 − a/R − yα Open symbols: New mobility functions from the present study, obtained via block-wise inversion of equation 16 after insertion of equations A1 (which includes equations 29, 30) to A3, into (28) . Solid lines: bispherical series solution [112] .
Combined, (29) and (30) give the far-field velocity-force self-mobility of a sphere within a suspension of an arbitrary number of particles, confined by a hard spherical cavity. Analogous expressions for the remaining couplings (force, torque, velocity, rotation, straining, stresslet) derived in the present study are shown in Appendix A. As detailed in §III, all of the far-field couplings are then assembled into a far-field grand-mobility matrix, inverted, superimposed with the near-field grand resistance matrix, and solved block-wise. The resultant self-mobility couplings account for the infinite hierarchy of reflections between a finite-size particle and an arbitrary number N −1 other particles and with the enclosing cavity. Its elements
give the corresponding self-motion of a particle subjected to hydrodynamic force, torque, and stresslet as it is hindered by interactions with other particles and with the enclosing cavity (all far-field self-mobilities U F , ΩL, U L, ES, ΩS, and U S derived in the present study can be found in Appendix A 1).
We begin with the simplest case: a single particle suspended in pure solvent enclosed by the cavity (N = 1). We focus first on the coupling between translational velocity and force, for which the components along and transverse to the line of centers, M U F, αα and M U F,⊥ αα , are plotted in figures 2(a) and 2(b), respectively, as a function of the position of the particle relative to the cavity center. The mobility is made dimensionless by the lone single-particle mobility, 1/6πηa, and particle position is scaled on the cavity size, R. Two sets of curves are shown in each plot alongside the hydrodynamic mobility of a particle in an unbound domain (solid horizontal line). The open symbols give the results obtained via the present approach (valid for an arbitrary number of confined particles). The solid and dashed curves correspond to results obtained from the method of Jones (which cannot be generalized beyond a single confined particle) [2009] . Agreement between the prior theory and our new theory is excellent, for all particle-to-cavity size ratios a/R and particle positions y/R studied, validating the present framework by recovering previously published results for a single confined particle. However, unlike prior models, our framework can model the motion of an arbitrary number of particles.
Comparison of the curves to the isotropic, unbound mobility reveals that 3D confinement gives rise to anisotropic hindrance of partible mobility. The confinedmobility curves all lie under the unbound mobility line, showing that hydrodynamic coupling between the two no-slip surfaces hinders particle motion. Further, in contrast to the position-independent mobility for a particle in an unbound domain, the mobility of a confined particle depends on its proximity to the cavity wall. Unsurprisingly, the mobility of a particle of finite size is greater near the center of a cavity than near the cavity surface, owing to the changing proximity of their no-slip surfaces. The mobility decreases monotonically from its maximum at the center as it approaches the cavity surface, vanishing entirely at particle-wall contact. Finally, comparison of figure 2(a) to panel 2(b) reveals that near the cavity wall, the mobility is anisotropic-with transverse motion decaying less rapidly than motion toward or away from the wall. This is consistent with near-contact mobility between a pair of spheres, where transverse lubrication interactions are weaker than longitudinal encounters.
While for all size ratios a/R the reduction in mobility becomes steeper as the particle approaches the wall, the rate of this decay depends qualitatively on particleto-cavity size ratio. Because the size ratio affects the slope, it changes the divergence of the mobility ∇ · M. The physical relevance of the divergence of the mobility is best understood in the context of colloidal particles where, owing to Brownian motion, a particle will migrate from regions of low to high mobility, moving as though driven by a deterministic force, the Brownian drift. The quantity ∇ · M sets the corresponding drift velocity, and gives the tendency of the particle to migrate toward the region of highest mobility. Because mobility is highest at the cavity center, projection of the drift velocity along the cavity radius gives the strength of the tendency of the particle to drift away from the wall and toward the center. The projection of ∇ · M onto a unit vector −ŷ pointing toward the center of the cavity is plotted in figure 3(a) as a function of the distance between the particle and the center of the cavity. Four curves are shown, each curve corresponding to a different particle-to-cavity size ratio. Near the wall (far right end of the horizontal axis) the drift velocity is large, indicating a strong tendency to migrate away from the wall. Near the center, the drift velocity is three orders of magnitude weaker, indicating the tendency of a lone particle to remain there. This position-dependent behavior, where the particle tends to drift away from the wall and remain near the center, is observed for all size ratios studied.
Alternatively, one can ask how the strength of the "push" away from the wall changes as a particle grows larger, by inspecting how the radial drift velocity changes with size ratio a/R, as shown in figure 3 (b). The diamond symbols show behavior nearest the center of the cavity, the filled circles show behavior nearest the wall, with several other intervening positions shown as noted in the legend. The diamond symbols show that a particle at the center has zero drift velocity regardless of particle size, demonstrating that the preferred position of an isolated particle in a spherically confined domain is always at the center of the cavity. As the particle moves away from the center (star, pentagon, triangle, and square symbols), the drift velocity increases-for all particle sizes-tending to push a particle back toward the center. The strength of this push at a given position increases as the confined particle grows larger, as indicated by the positive slopes, owing to the growing distance of the particle to the region of highest mobility, i.e. the center of the cavity. However, this trend reverses very near the wall (filled circles): the strength of the push decreases as the particle grows larger, as evidenced by the negative slope. This behavior can be understood by recalling that the closest a parti-cle can come to contacting the cavity wall is the position y max = 1 − a/R, its "maximum position". A large particle at its maximum position is thus closer to the region of highest mobility, i.e. the center of the cavity, than a small particle at its maximum position. Because a small particle can be farther from the center of the cavity than a large particle, its maximum drift velocity is higher.
B. Hydrodynamically interacting pair:
force-to-translation coupling
In the previous section, we presented the expression derived in this study for the self-mobility M U F αα of a spherically confined particle in a suspension of arbitrary concentration, in response to a hydrodynamic force on its own surface, equations 29 and 30. The simplest case of a single confined particle was studied first, toward understanding the influence exerted on particle mobility by the cavity. Motion of such a particle entrains the fluid in the cavity and, in turn, any nearby particles will be entrained by this flow. This coupling was captured by the many-body entrainment mobility M βα as discussed in §III, to yield the full coupling and the motion of an arbitrary number of forced and entrained particles, as it is influenced by the cavity. Whether two, three, or many particles are enclosed in the cavity, forced or passive, their motion is given by precisely the same expressions and process. We illustrate this process here, utilizing the new many-body coupling derived in the present study and, from it, present novel results for the motion of a pair of spherically confined particles.
The entrained mobility, M U F βα , β = α, is the hydrodynamic coupling that describes the entrainment of particle(s) β in the flow field produced by the motion of particle(s) α. Each particle interacts with the other and with the cavity via disturbance flows propagated by their motion. The initial disturbance propagated by particle α is, as described in §II, given by the Stokeslet J plus a correction due to the hindrance of the cavity, J c , defined in equations 23 and 24. Thus, the strength of the entrainment of particle β is weaker than if the domain was unbound. Here, α, β ∈ [1, N ], where N is arbitrary.
The grand mobility tensor for a confined system must ultimately recover the unbound behavior in the limit a/R → 0. We leverage this fact to more clearly reveal the influence of the cavity, by artificially dividing the mobility into two expressions:
where the motion due to unbound entrainment is M U F βα unbound . Making lengths dimensionless by the radius of the cavity R gives
The cavity contribution, M U F,c βα , as obtained in the present study via our method, can be projected radially to yield equation 33,
Hydrodynamic entrainment of a passive finite-size particle dragged by the disturbance flow of a forced particle. The distance y of the forced particle to the center of the cavity is given below each plot; the particle-to-cavity size ratio for all of the plots is a/R = 0.1. Brighter colored regions (red) represent entrainment in the positive direction and dark colored regions entrainment in the opposite direction. (a) Radial entrainment on a second particle due to a radial force on the forced particle; (b) perpendicular entrainment of a second particle due to a perpendicular force on another forced particle in the cavity.
where b =x ·ŷ and the distance of the entrained particle to the image point of the forced particle is ζ = y −1 1 − 2bxy + y 2 . Higher-order moments of the hydrodynamic surface traction also give rise to cavity contributions corresponding to both self-mobility and pairmobility, which describes many-body entrainment of particles by disturbance flows.
Equations 29 -33 give only force-velocity couplings; the far-field grand mobility matrix must be populated with higher-order pair-level couplings to the level of the stresslet. Higher-order couplings for the confined self and entrained motion are provided in Appendix §A 2 up to the level of the stresslet. Following its construction, inversion of this far-field grand mobility matrix automatically captures an infinitude of reflected interactions between all particles and the cavity, giving an N -body far-field hydrodynamic coupling. That is, coupling between an arbitrary number of particles to one another and the cavity is automatically captured by this Stokesian dynamics approach.
To elucidate the effect of confinement on entrainment, we consider first the simplest case, N = 2 enclosed particles. A second particle β is inserted into the cavity, and we ask how it moves in response to a force exerted on particle α. In figure 4 a contour plot illustrating the complete analytical coupling-that is, including near-field and far-field interactions-is presented for the induced motion along and transverse to the line of external force, in panels (a) and (b) respectively. Here, the force F exerted on the source particle is directed along the radius of the cavity. Each contour plot shows the plane passing through the center of the spherical cavity; the forced particle is at the center of the filled black circle, which encloses a region excluding particle centers. In panel 4(a), the colorized regions represent the strength and direction of entrainment, ranging from dark red for strong entrainment in the same direction as the external force, to dark blue for strong entrainment in the direction anti-parallel to the external force. As can be seen in panel 4(a), the entrainment field is axisymmetric about the external force, regardless of the position of the forced particle. In the y = 0 contour plot, the forced particle is placed at the center of the cavity. As indicated by the dark red, orange and yellow regions ahead of and trailing the forced particle, a second particle placed in those regions will be pushed or pulled along by the motion of the forced particle. The regions flanking the line of forcing are initially dark red, close to the forced particle-but rapidly transition to dark blue. That is, a second particle closely flanking the forced particle will travel along with it, but a short (transverse) distance away, an entrained
Contour plots of the hydrodynamic entrainment of a second particle inside the spherical cavity due to the disturbance flow propagated by another forced particle. The distance y of the forced particle to the center of the cavity is given below each plot; the particle-to-cavity size ratio for all of the plots is a/R = 0.1. Brighter colored regions (red) represent entrainment in the positive direction and dark colored regions entrainment in the opposite direction. (a) Perpendicular entrainment due to a radial force acting on a forced particle; (b) radial entrainment due to a perpendicular force on a forced particle.
particle will travel in the opposite direction. This trend continues when the forced particle is placed closer to the spherical cavity, i.e. for y = 0.2, y = 0.4, and y = 0.6 as shown in figure 4(a). Here it can be seen that entrainment is strongest in the region nearest the forced particle. As y → 0.9, the region farthest from the forced particle (green region) is only weakly disturbed; particles in this region hardly move in response to the forced particle. The region closest to the cavity wall is green, regardless of the position of the forced particle, owing to the no-slip and no-flux condition of the cavity surface.
The entrained particle will also undergo motion transverse to the applied radial force, as illustrated in panel 4(b). As in panel 4(a), the strength of entrainment varies from dark red to dark blue, but here, dark red corresponds to strong entrainment in the positive y direction, and dark blue to strong entrainment in the negative y direction, as noted by the axes in each image. Thus, particles placed in the red region "ahead" of the forced particle (upper right-hand red region) will move orthogonal to the applied force and away from its line of action; those placed in the red region "trailing" the forced particle (lower left-hand red region) will move orthogonally toward the line of action of the force, i.e. in the positive y direction. Blue regions indicate entrainment mirrored across the x-axis.
The line of action of the applied force may also act transverse to the cavity radius (i.e. transverse to the line of centers between the cavity and the forced particle). The response of an entrained particle is shown in figure  5 . The colorized regions in panel 5(a) again represent the strength and direction of entrainment, ranging from dark red for strong entrainment in the same direction as the external force (positive direction along the y-axis), to dark blue for strong entrainment in the direction opposite the external force. The entrainment field in panel 5(a) is axisymmetric only when the forced particle is precisely at the center of the spherical cavity. As the particle moves away from the center, this symmetry is lost. The dark red, orange and yellow regions indicate that the motion of the forced particle will push or pull a second particle particle in the same direction. The region flanking the line of forcing is red close to the forced particle; however, it quickly transitions to dark blue. The size and location of the dark blue regions flanking the forced particle, i.e., regions where a second particle will be entrained in the opposite direction, vary with the position of the forced particle. For y = 0.2, blue regions also flank the line of action of the applied force, but the region of reverse entrainment to the right of the external force shrinks while that to the left grows. This trend continues as the forced particle moves nearer to the wall, as shown for y = 0.4 and y = 0.6. One can envision that, as the forced particle moves toward the wall, both parallel and transverse motion of an entrained particle vanish.
The entrained particle will also undergo motion transverse to the line of action of the force, as illustrated in 5(b). Again the strength of entrainment varies from dark red to dark blue; here, dark red corresponds to entrainment in the positive x direction and dark blue corresponds to entrainment in the negative x direction. In consequence, particles placed in the red region "ahead" of the forced particle (i.e. the upper right-hand red region) will move orthogonally to the applied force and away from its line of action; those placed in the red region "trailing" the forced particle (lower left-hand red region) will move orthogonally toward the line of action of the force, in the positive y direction. As in 4(b), blue regions indicate entrainment mirrored across the x-axis.
In summary, the hydrodynamic coupling between a pair of particles interacting inside a spherical cavity shows qualitative differences from that between an unbound pair. The coupling can be resolved into contributions of entrainment in response to radial and transverse components of an externally applied force. The most intuitively obvious difference is that apparent flow recirculation (conservation of mass) creates regions in which motion of a forced particle drives motion of a second particle in the opposite direction when the force on the forced particle acts along the line of the center of the particle and the cavity. In addition, regardless of the direction of the external force, entrainment is reduced owing to the presence of no-slip surface of the cavity. We emphasize that the model presented is not restricted to a confined pair; our framework is fully applicable to an arbitrary number of particles at arbitrary volume fractions and particle-to-cavity size ratio.
C. Higher-order couplings
In §IV A and §IV B, it was shown that the presence of a confining spherical cavity influences the hydrodynamic coupling between interacting spheres. This influence alters couplings between particle velocity, rotation, and straining motion to moments of the hydrodynamic traction-force, torque, stresslet, and higher-order moments. This infinite hierarchy of couplings is summarized compactly in equation 12; expressions for the individual entries in the grand mobility matrix were given in that section and in Appendix A, and the coupling between particle translation and hydrodynamic force was studied. In the present section, we explore another coupling, that between particle translation and hydrodynamic torque. We recall that a hydrodynamic torque on the surface of a single unbound particle produces no translation. However, proximity to a nearby surface can produce such coupling. For example, in the presence of a nearby wall, a particle subjected to a hydrodynamic torque about an axis parallel to the wall will translate along the wall.
Similarly, for an unbound pair, a torque about an axis perpendicular to their line of centers will produce translation, but torque about their line of centers produces no translation. Let us examine the analogous couplings for particles confined inside a sphere.
1. Single particle inside a spherical cavity: torque to translational motion coupling
The element of the grand mobility matrix M that describes torque-to-translational self-mobility of a particle in a spherically confined suspension, M U L αα , was derived in the present study utilizing the methods of §III, where the far-field contribution is given by equation A2a (cf Appendix A). This expression gives the translational motion of a particle due to a hydrodynamic torque on its surface, in the presence of an arbitrary number of other particles and the confining cavity. While it is a tensor, only the antisymmetric component ·ŷ, where is the Levi-Civita tensor, is non zero. This element, M
an inner product with the second index of and vice versa, gives the translational motion of a particle α, along the cavity radius, due to a torque on its own surface, as influenced by other suspended particles β and the confining cavity.
To understand this coupling we study the simplest case of a single confined particle, N = 1, plotted in figure 6 as a function of the distance of the particle from the center of the cavity, for a range of particle-to-cavity size ratios a/R (open symbols). The solid curves give the corresponding self-mobilities obtained via the method of O'Neill and Majumdar [110] , but which is limited to a single particle. Agreement between our N -body approach and the prior single-particle model is excellent.
Inspection of these plots reveals the effect of spherical confinement on the ability of a particle to translate in response to a torque. Due to the spherical symmetry of the configuration, when the particle is at the center, the torque-to-translation coupling is zero, so a particle will undergo no translational motion in response to torque. As the particle moves away from the center, it couples to the cavity, translating with a velocity
αα · L α , in a direction perpendicular to both the torque and the line of centers between the particle and the cavity. With increasing proximity to the cavity surface, the particle translates faster, owing to stronger hydrodynamic coupling between the particle and the wall. This behavior is similar to the hydrodynamic coupling between a pair of unbound particles when one of the particles is acted on by a torque perpendicular to the line of centers: outside the lubrication region, entrainment of the second particle will increase monotonically with increasing proximity. However, for a particle inside a spherical cavity, the translation of the particle reaches a maximum as it approaches the cavity surface. Beyond this point the translation of the particle reaches a "stall" condition near the wall, where translation ceases even with applied torque (points of intersection with the horizontal dashed line). Beyond this stall point, the direction of translation reverses and the particle translates in the opposite direction-undergoing a "rolling" motion over the surface of the cavity similar to the motion of a particle acted on by a torque near a planar wall. As the particle comes close to contact with the cavity surface its mobility must decrease again, eventually vanishing at the maximum position of the particle as a consequence of lubrication interactions between the no-slip surfaces. The N −body far-field expressions (found in Appendix A 1) utilized here for N = 1 are just as easily utilized to describe the self-motion in the presence of many enclosed particles.
Hydrodynamically interacting pair inside the spherical cavity: doublet rotation
We again consider the effect of confinement on entrained translational motion, but now where such motion arises due to hydrodynamic torque, rather than hydrodynamic force. To study the motion, we implemented new hydrodynamic functions developed in the present study into Stokesian Dynamics: the mobility tensors coupling translation to force, M U F βα , translation to torque, M U L βα , and rotation to torque, M ΩL βα (cf equations A1a -A3a and A7a -A9a, in Appendix A 2). To illustrate the effect of the cavity on such motions, we again start with the simplest case of a pair of particles. They are placed in the cavity at a separation d = 0.5R, d = 0.7R, and d = 0.9R, with each particle equidistant from an axis passing through the center of the cavity, figure 7(a). When an external torque is applied to each particle along the line of centers of the particles, and pointing in an outward direction as shown, both particles translate. In addition, they rotate together as a doublet as indicated in figure 7(b) . No force is required to maintain a fixed separation between the pair, a consequence of the symmetry of the grand mobility matrix.
Their rate of rotation varies with the distance of the doublet from the center plane of the cavity, h/R, as plotted in figure 7(c). Three curves are shown, each cor-responding to a doublet of particles at different interparticle distances. At the far left of the horizontal axis, where the pair is nearest the cavity center, the particles do not revolve about the cavity center, regardless of their center-to-center separation. Away from the center plane of the cavity, the torque-to-translation coupling emerges, and they rotate as a doublet. Interestingly, the direction of doublet rotation depends on proximity to the cavity wall. As shown in figure 7(c), away from the wall, the doublet rotates in a clockwise sense (white arrows in figure 7(b) ), revolving faster and faster around the cavity center for positions nearer the wall. However, a maximum is reached-and it depends on their separation. Beyond this point, their revolution about the cavity center slows down, until a "stall" condition is reached very near the wall where the rate of rotation becomes zero, as indicated by the horizontal dashed line in figure 7(c) . Beyond this stall point, their revolution about the cavity center reverses, and the doublet commences to rotate in the counter clockwise direction-both particles undergo a "rolling" motion over the surface of the cavity. This motion is analogous to the "rolling" motion of a single particle inside the spherical cavity described in the previous section. This interesting result highlights how the presence of the cavity can reverse rotational motion. Notably, this behavior is captured in the far-field interactions by the finite size of the particle, which was neglected in prior models.
In summary, the presence of a confining cavity couples particle translation to torque. Depending on the position of the particles, such coupling leads to a surprising reversal of motion-behavior, it turns out, similar to that observed in some biophysical systems [125] . The presence of the cavity also leads to reversals of translational motion (as shown in the previous section). Accurate modeling of such behaviors requires a treatment of both farfield and near-field hydrodynamic interactions as done in this study. The N −body expressions far-field expressions (found in Appendix A) can be utilized to study such entrainment in a suspension of arbitrary concentration.
D. The point-particle approximation and effects of finite size
In the present study, we have been careful to account for the finite particle size, but it is natural to ask what, if any, consequences would arise were we to simply model particles as infinitesimal points. In some problems, such simplifications can yield rapid insight into leading-order behavior, revealing the physics of primary interest. By way of example, the leading-order (point-particle) solution for a particle translating in (unbound) Stokes flow reveals the surprising strength of the hydrodynamic force coupling, 1/r, compared to say, the gravitational or coulombic coupling, which both scale as 1/r 2 . However, the no-flux condition for hard particles can be respected only by accounting for finite size-a straightforward computation for spheres. When two particles interact in an unbound fluid, neglecting finite size gives a good leadingorder estimate of the strength of force-velocity coupling, but under-predicts the strength of entrainment when the particles are separated by less than several particle diameters. The consequences grow more severe when the system becomes more geometrically complex. Perhaps the most familiar example resulted in the development of the Rotne-Prager tensor: early attempts to model the motion of polymer chains as interconnected point-particle beads led to loss of positive definiteness of the diffusion (mobility) tensor in some configurations [126, 127] . Rotne and Prager [128] addressed this situation by accounting for finite particle size in the force/translation coupling; the Rotne-Prager tensor has since been widely utilized to model hydrodynamic couplings between particles in an unbound suspension. However, its inclusion of pair-only coupling, and neglect of higher-order traction moments, restricts its validity to widely-separated particles, e.g. dilute suspensions. In studies of concentrated suspensions, Durlofsky et al. [124] reported that neglect of finite size terms, even in a mobility matrix that includes force, torque, and stresslet couplings to account for many-body interactions, results in loss of positive-definiteness for an unbound suspension. Thus, especially for concentrated suspensions, inclusion of higher-order traction moments does not guarantee that the grand mobility matrix will remain positive definite, required to respect the energy dissipation theorem.
In the context of a spherically confined suspension, accounting for finite particle size becomes important at the level of just a single confined particle, and emerges first with the force-velocity coupling. This can be seen in the study of Felderhof and Sellier [122] who, in an attempt to approximate the force/velocity coupling via a point particle, projected Oseen's Green's function along and transverse to the cavity radius. They compared this result to the corresponding components of the invert of O'Neill and Majumdar's finite-size resistance tensor, and found good agreement for small particles in the latter study. However, closer interrogation of their results reveals two concerns: first, as particle size grows, the point-particle approximation severely under-predicts the hydrodynamic force. More troubling is the behavior obtained upon inversion of the point-particle coupling, shown by the dashed lines in figure 8(a) , where the severe consequences of the approximation are clearly revealed: the force-velocity element of the resistance tensor diverges at arbitrary positions in the cavity. Because inversion is the key step that couples reflections and manybody interactions, the regime of validity of this approach is fixed-velocity motion of a single enclosed particle.
In the present study, we accounted for finite size (cf §III, equation 29) , and these results are presented as solid curves in figure 8(a) , showing monotonic increase of farfield resistance to a finite value, a physically reasonable result. We can utilize our result, equation 29, to identify the source of the divergent behavior in the point-particle approximation: a pole at y = (1/2)(4 − 9(a/R)) 1/2 that can only be removed by inclusion of the finite-size terms of O((a/R)
3 ) and O((a/R) 5 ) in that expression. The transverse projection of the same coupling is shown in panel (b) of the figure, where the effect of finite size is quantitative.
The second consequence of neglecting finite size is failure to predict reversal of particle motion in the torque/translation coupling, originally predicted by O'Neill and Majumdar [110] . Felderhof and Sellier derived a Green's function for the torque-rotation coupling of an enclosed point particle by taking the curl of Oseen's confined Stokeslet, finding a continuous increase in particle velocity with approach to the wall, as shown by the dashed lines in figure 8(c) . They compared their result with the corresponding result from O'Neill and Majumdar, finding significant qualitative disagreement: O'Neill and Majumdar predicted a sign reversal, whereby a particle will reverse its translational motion near the wall and begin to roll along the wall. The mobility functions derived in the present work (equation A2) account for finite size and also find this reversal, as shown by the solid lines in panel (c) of the figure. The key advantage to our method is, of course, its built-in ability to model two, three, or many enclosed particles.
In summary, accounting for finite particle size is essential to the accurate modeling of particle motion in a spherically confined fluid. While approximating particles as points significantly simplifies formulation of the mathematical model, it leads to qualitative errors so significant as to render the model unviable.
V. CONCLUSIONS
In this work, we have presented a framework to model particle motion in hydrodynamically interacting colloidal suspensions subjected to 3D confinement by a spherical cavity. This framework comprises analytical expressions for the far-field grand mobility tensor coupling particles hydrodynamically to one another and to the confining cavity which, when combined with near-field couplings, is valid for an arbitrary number of particles for a wide range of particle volume fractions, from dilute to near-maximum packing fraction. We presented couplings of translation, rotation, and straining motion to force, torque, and the stresslet, giving particular attention to the force/translation, torque/rotation, and torque translation behavior. We employed this new framework to study two fundamental aspects of particle movement: self-motion and entrained motion, with a view toward its ultimate employment for many-particle systems in dynamic simulation.
The self-motion was studied first, and utilized to illustrate the leading-order effects of confinement and to validate the model by recovering results reported in prior work [110, 112] , namely the reduction of particle velocity by hydrodynamic coupling to the enclosing cavity. Be-yond this result, we found that confinement gives rise to a drift velocity that tends to push a colloid away from the cavity wall toward the center. This "push" is strongest near the wall for smaller particles; once away from the wall however, larger particles experience a stronger tendency to seek the cavity center. One implication of this finding is that particles in biophysical systems may segregate spatially according to size.
We have derived the first results for the motion of a pair of finite-size particles enclosed in a spherical cavity. We found that the entrainment velocity of a second, particle in the flow created by another forced particle is qualitatively changed by the presence of the cavity in two ways: first, the strength of the entrainment at a distance r from the forced particle depends on the proximity of both to the cavity. Second, a reversal in motion occurs for particles located some distance transverse to the line of external forcing, consistent with recirculation flows reported in a range of cellular systems [67, 68, 125, 129] .
The study of higher-order couplings revealed several remarkable results. First, unlike a single unbound particle, a single confined particle will translate in response to a hydrodynamic torque on its surface. We find that such motion reverses in direction as a particle moves from the cavity center to the wall, resulting in a rolling motion of the particle along the cavity surface, similar to the behavior of a sphere near a planar wall. A confined pair of particles subjected to hydrodynamic torque will not only rotate individually but will also rotate as a doublet about the cavity axis. We explored the dependence of this coupling on proximity of the pair to the cavity wall, again finding a stall and reversal of motion as the pair approaches the surface.
Finally, the effect of finite size was explored, where we found that no regime of validity exists for approximating particles in spherical confinement as point particles. Such simplification results in errors ranging from spurious poles throughout the cavity domain to a failure to predict motion reversal near the cavity wall.
All functions derived give motion of particles in a suspension of N particles of equal size, where N is arbitrary. Motion in a polydisperse system can also be studied utilizing the methods presented here. In this case the differing sizes of the forced and entrained particles will lead to changes in self, entrained, and relative motion analogous to that exhibited by unbound particle pairs; the influence of the cavity is expected to dominate when such particles are near the enclosing surface, but size-ratio effects will play a stronger role away from the cavity surface. This approach will yield an analogous set of far-field mobility functions.
The framework presented herein provides a method by which one can study a variety of crowded, 3D confined systems, ranging from eukaryotic cells to suspensions confined by micro-capsules, to study their transport and rheological properties in the presence of hydrodynamic interactions.
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Appendix A: Cavity contribution to the grand mobility matrix
In this appendix we list the contribution of the spherical cavity to all of the components of the grand mobility matrix required to carry out simulations of hydrodynamically interacting particles confined inside a spherical noslip boundary. Note that the mobilities corresponding to the diagonal and upper blocks of the grand mobility matrix (U F , U L, U S, ΩL, ΩS, ES) are listed since the remaining terms may be obtained by an appropriate transposition.
Self-Mobilities
The far-field self-mobilities of a particle inside a spherical cavity are listed for all the components of the grand mobility matrix. y is the magnitude of the position vector of the particle in a coordinate system whose origin lies at the center of the spherical cavity. 
Entraiment Mobilities
The far-field entrainment mobilities for particles inside a spherical cavity are listed for all of the components of the grand mobility matrix. Here ζ = y −1 1 − 2bxy + y 2 , where ζ is the distance of the entrained particle to the image point of the forced particle. 
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